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Economics 102

Stephen Marks

Differential Calculus for Microeconomics

Calculus is a powerful mathematical tool used in optimization problems and other applications in economics.  This handout reviews the basics of differential calculus and optimization.

Functions of a Single Variable

Any discussion of calculus must start with a definition of the derivative of a function:

DERIVATIVE OF A FUNCTION: If 

 and if the limit





exists at 

, then that limit is called the derivative of 

 at 

.   We denote the derivative of the function by dy/dx or 

.  If the derivative of 

 exists at some point, we say the function 

 is differentiable at that point.

The derivative 

 shows the change in the variable y relative to some small change in the variable x at point 

.   If the derivative is positive, the function is increasing at that point.  If it is negative, the function is decreasing.   In graphical terms, the derivative is equal to the slope of the function at the point.

Notice that the slope of the function must equal zero at a point at which the function reaches a (local) maximum.  This observation is the basis for our first optimization rule:

FIRST-ORDER CONDITION FOR AN OPTIMUM: The function 

 is at a local maximum or minimum at points at which dy/dx ( 

 = 0.

Notice that this rule does not provide a criterion to distinguish between a maximum or a minimum.  To do this, we need an additional definition.

SECOND DERIVATIVE OF A FUNCTION: The second derivative of 

 is the derivative of the derivative of 

, and is denoted by 

.

The second derivative shows the change in the derivative of a function relative to some small change in the variable x.  If the second derivative is positive, the derivative is increasing; if it is negative, the derivative is decreasing.   The slope of a function must be decreasing around a point at which the function has zero slope if the function is to be at a maximum.  Similarly, the slope of a function must be increasing around a point at which the function has zero slope if the function is to be at a minimum.  These observations lead to a second rule for optimization:

SECOND-ORDER CONDITION FOR AN OPTIMUM: If dy/dx ( 

= 0 at some point, then this point is a local maximum if 

 < 0.  It is a local minimum if 

 > 0.

DIFFERENTIAL OF A FUNCTION: Let y be a differentiable function of x.   Then dy, the differential of the variable y, is given by


dy = 

 dx
RULES FOR DIFFERENTIATION: There are a few basic rules of differentiation that we may use from time to time.   These and other rules can be derived using the formal definition of the derivative above.

(1) Addition Rule:



(2) Product Rule:



     An application for constants:



(3) Quotient Rule:



(4) Polynomial Rule:
If 

     (for all real N)

(5) Chain Rule:
If 


EXAMPLE 1: Suppose that 

.  We can think of y as involving 

 and 

.  Using the quotient rule, we see that





since 

, and that 

 using the addition rule and the polynomial rule.  Putting these together, we get 

  .

EXAMPLE 2: Suppose that 

, where K is some constant.  Then we can view y as 

.  Using the chain rule, we get





Functions of More Than One Variable

In working with functions of more than one variable, we need to develop the concept of the partial derivative of a function.  Suppose, for example, that we have a function 

.  Then the partial derivative of z with respect to x is identical to our usual derivative with respect to x, treating y as a constant. Similarly, the partial derivative of z with respect to y is just the usual derivative with respect to y, now treating x as a constant.

PARTIAL DERIVATIVE OF A FUNCTION OF MORE THAN ONE VARIABLE: The partial derivative of the function 

 with respect to x at a point (

,

) is defined as





(if that limit exists).  We denote the partial derivative of the function with respect to x as 

.  A similar definition applies to the partial derivative with respect to y.   All the rules of differen​tiation apply to partial derivatives in the same way  that they apply to ordinary derivatives, with the proviso that all other variables are held constant.
EXAMPLE 3: Suppose that 

.  Using the usual rules of differentiation, we get

            

          and           

 .

EXAMPLE 4: To use the chain rule for partial derivatives, suppose 

.  Then we can view this as 

 and g(x, y) is as in Example 3.  Now, by the chain rule,




          and             


I will leave it as an exercise for you to find these partial derivatives.  (Your expressions should involve only x and y, not g.)

TOTAL DIFFERENTIAL OF A FUNCTION OF MORE THAN ONE VARIABLE: In analogy with the differential of a function of one variable, the total differential of a function shows a breakdown of the change in a function in terms of the changes in the variables that enter into that function.  For a function 

 the total differential is




OPTIMIZATION--FUNCTIONS OF MORE THAN ONE VARIABLE: The first-order conditions for a maximum or a minimum follow in parallel with those for functions of one variable: each of the partial derivatives of the function must be zero.   The intuition is simple.   If all of the partial derivatives are equal to zero, then the value of the function cannot be increased (or decreased) by making small changes in any of the variables.   For example, if 

, then for 

 to be at a local maximum or minimum we require that



[image: image1.wmf]0

=

x

z

¶

¶

              and                
[image: image2.wmf]0

=

y

z

¶

¶

  .

The second-order conditions are more complicated, and we will not look at them formally.   Intuitively, it should be obvious that a point is a local maximum if the function curves downward in all directions around that point, a local minimum if it curves upward.   Like good economists, we just assume that these second-order conditions are satisfied in every situation we run across!

CONSTRAINED OPTIMIZATION AND THE METHOD OF LAGRANGE MULTIPLIERS: One of the basic principles of economics is that rational individuals do the best they can, given the scarce resources at their disposal.  The mathematical counterpart of this principle is the problem of constrained optimization.  Let's consider a simple example to see how it works.

Suppose that a consumer's utility depends on consumption of two goods, x and y, and is represented by some function, 
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.  Suppose in addition that the consumer is limited by a budget constraint, 

.

To maximize utility subject to this constraint, we can use a special technique called the method of Lagrange multipliers.   To do so, we set up an artificial function to be maximized, which builds in the constraint automatically.

We start this Lagrangian function, L( ), with the function we actually want to maximize, 
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.  We then add to it the constraint, written as a function that must equal zero (the term in square brackets below), multiplied by a Lagrange multiplier, (, (the Greek letter lambda):
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(Notice that income, I, enters this expression positively for ( > 0.  It turns out that we can interpret ( economically as the marginal utility of income.)  We maximize the function L(x, y, () with respect to all three of its arguments, and get the first-order conditions:
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The MU terms above represent marginal utilities   Notice that the third condition is just a restatement of the budget constraint!   Putting the first two conditions together, and rearranging, we get the key result that marginal utility per dollar spent on the two goods must be equal:





If we use some specific utility function, we can then solve the three first-order conditions to get demand functions for x and y.

EXAMPLE 5: Suppose that a consumer has utility function 
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The first-order conditions are














 EMBED Equation.2  

Rearranging and simplifying the first two conditions, we get 

.  Substituting this in the third,




  .
We can thus solve for the demand function for x:
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Similarly, for y:
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Given actual values for prices and income, we could then solve for actual quantities demanded.
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